The perturbations of the hyperbolic orbital elements of a vehicle in the gravitational field of an oblate planet are derived as functions of the initial osculating elements. Assumptions are made that atmospheric drag is absent and that the gravitational potential of the planet may be represented adequately by the principal term and the second harmonic. An example of an Earth-escape mission is presented in which a comparison is made between calculated orbital perturbations and results from a numerical integration of the equations of motion.
INTRODUCTION
Although the variations of the orbital elements of Earth satellites have been derived numerous times, nevertheless a treatment of the variation of the orbital elements of a vehicle for an escape mission is lacking except for the case of perturbed hyperbolic motion in the equatorial perturbations of an interplanetary probe by an oblate planet at encounter. ' Since 1960, when this report was originally prepared, there have been two additional papers published concerning the perturbing jectory (Ref. 2 
II. PERTURBATIVE POTENTIAL
If an axially symmetric density distribution of the planet is assumed, the gravitational potential function U may be expanded in terms of surface zonal harmonics of the form ( Ref. 4 and 5 ) .
where J, = the coefficients of the zonal hormonics P , ( sin 4 ) k2 = GM = gravitational constant of attracting body r = radial distance from gravicenter in equatorial radii 0 = gravicenter latitude
In an analysis of the perturbations of the bound orbit of an Earth satellite, it is necessary to consideral several of the harmonic terms to describe accurately the motion of the vehicle over an extended period of time (Ref. 6 and 7). However, only the second harmonic J 2 contributes significantly to the perturbations of the elements of a nonbound or hyperbolic orbit, since the time spent in the vicinity of the planet is short and the effects of the higher order harmonics are negligible.
The perturbing potential R due to the second harmonic J 2 is given by
VARIATION OF
The solution of the differential equations representing the variations of the orbital elements with respect to time is derived by a method analogous to that employed by Kozai The rate of change of the orbital elements with time may be expressed in terms of the differential coefficients of R as
Since the orbital elements of the vehicle change only slightly due to the effects of the oblateness, the perturbations of the first order may be derived by considering the elements appearing in R on the right side of Eq. ( 7 ) through ( 1 2 ) constant. If the elements are assumed constant, the true anomaly may be regarded as a known function of time, and the independent variable may be transformed from time to the true anomaly by n( t -T ) , where the mean motion n is a function of the element E through the harmonic law n = ( 2E):''2k-2. The variable A. 1 corresponds to the mean anomaly for hyperbolic motion and is a function of both the true anomaly and the eccentricity, and hence the disturbing function involves the element h both explicitly and also implicitly through the true anomaly.
Since an axially symmetric density distribution is assumed, the disturbing function R is independent of 0, and Eq. ( 12) becomes The perturbations of the semitransverse axis a, eccen- The expressions for the variations of the elements E , h, h,, and 0 are well behaved for eccentricities near unity; however, the expression for the variation of the time of perifocal passage breaks down when e = 1. Fortunately, in most cases of interest, the change in the time of perifocal passage is of not great importance.
Of additional importance in the analysis of interplanetary escape trajectories is the velocity vector of the vehicle at a great distance from Earth. The magnitude of this hyperbolic excess velocity vector is given by the following function of the energy:
The unit vector S in the direction of the hyperbolic excess velocity vector and also in the direction of the outgoing asymptote of the hyperbola has direction cosines of the form The perturbation of the angle between S and periapsis is given by
IV. EXAMPLE OF AN EARTH-ESCAPE MISSION
As an example of the application of the deriviation of the perturbations, an Earth-escape mission with the initial parameters shown in Table 1 was used. The perturbations of the elements a, e, i, T, W, and R were calculated from Eq. (16) through (20) and are shown in Fig. 1 through   6 as functions of the true anomaly. The time along the trajectory may be determined from Fig. 7 as a function of the true anomaly. The maximum true anomaly is approximately 2.5 rad; in the following discussion the time of 240 min corresponds to a true anomaly of about 2.3 rad. selected points along the path, the osculating elements were calculated and the perturbations of the initial elements determined. These values are shown as individual points in Fig. 1 through 6 . In the numerical integration the second, third, and fourth harmonic terms were retained in the potential function. The values of these coefficients are shown in Table 1 and correspond to the following values for the commonly used coefficients for the second, third, and fourth zonal harmonics:
km/rec

9.4864475
The asymptotic values of the elements for t + co are shown in Table 2 . In addition, the asymptotic values for I are shown in Table 3 . To check the results that were obtained, a numerical integration of the equations of motion was performed. At An indication of the accuracy of the analysis calculation of the perturbations may be had by observing the calculated and observed perturbations of the orbital elements at t = 240 min in Table 4 of the elements in Fig. 1 through 6 Table 4 . A comparison between the results of the second iteration and the numerical integration in the position and velocity of the vehicle at t = 240 min is shown in Table 5 . Also shown in Table 5 are the unperturbed values of position and velocity at 240 min. 
